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Involutive automorphisms of the class of affine Kac-Moody
algebras Bél)

S P Clarke and J F Cornwell

School of Physics and Astronomy, University of St Andrews, North Haugh, St Andrews, Fife,
KYI6 988, UK

Received 2 July 1993

Abstract. All the conjugacy classes of involutive automorphisms of the affine Kac-Moody
algebras Btm for I 2 1 are determined using the matrix formulation of automorphisms of an
affine Kac-Moody algebra,

1. Introduction

1.1, Preliminaries

In a previous paper (Cornwell [1]), the important roie played by the automorphism groups
of an affine Kac-Moody algebra was discussed, and a matrix formulation was developed for
dealing with general automorphisms of affine untwisted Kac—Moody algebras. Subsequently
in Cornwell [2-4], this method was used to investigate the involutive automorphisms of the
algebras Af,_”, £ taking all positive integer values, In this paper this analysis is continued
for the algebras Bf?” for all integer values of £, Here we will retain the notations and
conventions used in those papers (Cornwell [1—4] which will be referred to as papers I-IV
respectively), with the convention that (1.6) refers to the equation numbered (6) in paper I,
and so on, whereag {6) is the sixth labelled equation of the present paper.

In addition to the notation already developed, it is helpful to introduce some
new notations, conventions and terminology, for ease of understanding, as well as for
conciseness.

(1) We recall that in the matriz formulation, use was made of matrices U(¢) , where
a typical U{r) is such that U(r) is invertible, and both U(z) and its inverse are composed
entirely of Laurent polynomials. Such a matrix will subsequently be referred to as a‘Laurent
polynomial matrix’ or simply as a ‘Laurent matrix’.

(2) As an analogy to the notation ‘diagla, ..., z}’. we define the expression ‘offdiag’
for the minor diagonal case. For example,

0 0 a
offdiag{a. b, €} = (0 b 0) .
c 0 O

Thus, in the ‘offdiag’ term we have defined, the first component is to be interpreted as the
top right entry of the matrix,
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!
(3) Similarly, ‘dsumn’ indicates a direct sum, so, for example,

a0 --- 00

b - 00
dsumfa,b,...,y,2})={: : . i
‘10 0 y 0

i\0 0 0 z

where a,b,y.z are all square submatrices.

(4) We define (264 1) x (2£ + 1') matrices X; and e;; where j, k take intcger values
from 1,..., £. X; has just two non- zero entries, the Jjth diagonal entry which is 1 and the
26+2 - ])ﬂ‘l dlagcmal entry which is —1. €;; has just one non-zero entry (the (j, £)th)
which is 1.

1.2. The Kac-Moody algebra Bm

In this paper we are concerned ult1mately with the Kac-Moody algebra B(” In particular,
we aim to use the matrix formulatllon to cobtain conjugacy class representatwes from
each class of involutive automorphisms. The generalized Cartan matrix for B£ is the

(£ 4+ Dx(£ + 1) matrix A, where

/2 0 ~1 0 0 0 0\
0O 2 -1 0 g o0 o0
-1 -1 2 -l 0 0 0
0o 0 -1 2 0o 0 0
A=l v 1
o o o O .. 2 =1 0
0 o o o0 .- =1 2 -1
\o 0 0 0 .- 0 -2 2/
It is customary, with the generalized Cartan matrix, to use the index set (0, 1, ..., £). The

last £ rows and columns of A are the same as the Cartan matrix of the simple complex Lie
algebra Bg In '[hlS subsection, we shall recall some essential properties of the Kac—-Moody
algebra B Bg ‘has £+1 simple roots, which are denoted by wy, ... ,ap. The imaginary
raot 8 is then given by

§=ap+on+2an+ e+ o) @)
which implies that |

¢ = hopy + hay + 20hay + -« + hay) . 3)
For the simple roots of the Kac—Moon algebra the quantities (cv;, o} are given by

(o, o) = By | (4)

where the marrix B is given below:
i

/20 =2 0 0 0 0\
2 =1 0 0 0 0
-1 -1 2 =l 0 0 0
1 0 0 -1 2 0 0 0

= — . . . . . ] ] (5)
202e-01 : : :

0 0 0 0 2 =1 0
0 0 0 0 -1 2 -1
\0 0 0 0 0 -1 1
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1.3. The Lie algebra B;

B, is not only the complexification of so(2£+ 1}, it is also the complexification of so(p, g)
where p+¢q = 2£+ 1. In particular, consider the algebra so{¢ + 1, £). This may be defined
to be the set of real traceless (24+1) by (2€+1) matrices 4 such that

ag+ga=20 (6)

where g is a diagonal matrix with £ + 1 entries 1 and £ entries —1. With this in mind, we
use a realization of By given by

Tthye) = {2(¢ - DI XG)Y = X+ 1)) for 1</j<e—1 (7
Tthys) = {228 - D) (8
I‘(ea;) = —{2(28 — D} (gj01,; + €042 2041-5) for j=1,...,¢. 9)

With the above representation, (6) holds with
g = offdiag{l, -1, ..., -1, 1}. {(10)

(that is, g is an off-diagonal matrix whose entries are alternately 1 and —1, with the first
and last being 1). For example if £ =3 then

g = offdiag{l, —1,1, 1, =1, 1} an

thus the two ‘middle’ entries on the minor diagonal are the same.
The representation I' that we have chosen is irreducible, finite-dimensional and faithful,
thus fulfilling the requirements of the matrix formulation. In addition, we have that

T'=—grg™ (12)

which means that the chosen representation is equivalent to its contragredient representation.
This makes analysis much simpler, since the type 1b automorphisms coincide with the type
1a automorphisms, and the type 2b automorphisms coincide with the type 2a automorphisms.
The Dynkin index of the above is given by

y={20—1}". (13)

1.4. Notes on the matrix formulation

Consider an automorphism specified by {W{¢), u, £}, For any member of the Kac-Moody
algebra it follows that

a(ur)g +gaut) =0 (14)
and
A hg+gaw)=0 (15)

where a(z) is the ‘matrix part’ of the element, as defined in the general theory. For the
subsequent analysis to work, we need a way of finding out whether

dg+ga =0 (16)
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where & is defined by the fol!owing::

a’ = Uaunn™! : for type la automorphisms (
i 17)
a= U(t)a(ur‘l)U(a‘)fI for type 2a automorphisms.
|

This requirement 1s a consequence of :lhe effect of type 1a and type 2a automorphisms upon
the ‘matrix part’ of an arbitrary algebra element. It is easily shown that condition (16) holds
if and only if .

Ugun) = fig (18)

where f(t) is some function of ¢. vacn that U(?) is assumed to be a Laurent matrix, we
may assume that ‘
detU(r) = aut? (19)

o being some non-zero complex number, and B being some integer. Then, if we take
determinants of both sides of (17) abélwe, we obtain the conclusion that f(z) = at?, where
a is some non-zero complex number, and b is some even integer.

In the subsequent sections we are going to investigate the involutive automorphisms,
These sections will be as follows: section 2 will contain a study of the Weyl group of
B¢, which is the group of rotations o'f roots of B,. Section 3 contains a list of involutive
automorphisms corresponding to each of the root-transformations given in section 2. (Every
involutive automorphism of Bc is conjugate to at least one of the automorphisms in
this list.) Sections 4-7 give more detaﬂed investigations of the conjugacy classes of the
involutive automorphisms, whikst SeCthl’t 7 contains a summary of the results, including one

representative for each conjugacy class identified in the analysis.
|

!

|
2. The Weyl group of B,

|
It was shown in the earlier papers thlat the only structural knowledge one needs is some
familiarity with the group R of the corresponding simple Lie algebra, where R is the group
of ‘rotations’ or root-preserving trans:formations of the simple Lie algebra, which in this
case is By. This stems from the fact that every conjugacy class of involutive automorphisms
of the Kac~-Moody algebra contains at least one Cartan-preserving automorphism, which
induces, in turn, an involutive rotatiorj 7° of B;.

For the algebra B,, the group R coincides with W, the Weyl group of By. Thus, we
require one¢ representative for each conjugacy class of involutions in W. Since all Weyl
groups are also Coxeter groups, we cah make nse of an algorithm developed by Richardson
[5] to obtain such representatives. In this section, we shall give a list of rotations obtained
in this way, The algorithm, which is easy to apply, works by finding subsets of §, the index
set {1,2,..., £}, that satisfy the ‘(— I) condition’, and then determining the W-equivalence
classes of such subsets of the index set.

The number of conjugacy classes of involutions in W does, of course, vary with £,
Fortunately, there are a number of general patterns that allow us to give an exhaustive and
succinct list of class representatives. For any value of £, the representatives fall naturally
into eight ‘families’, each of which contains one or more members. For those families that
contain more than one member, the members all have the same overall form but incorporate
one or more integral parameters. In eac;h such case, it is to be understood that the parameters
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take 2ll permitted values, thus obtaining a full set of conjugacy class representatives. We
shall iltustrate this as we list the representatives. The numbers 1-8 in the list below refer
to the eight ‘families’.

(1) This consists only of one member (the identity root-transformation t°) where

t“(a;) = a}’ for 1€ f<¢L 1))
(2) Here again, we have just one rotation and in this case it is specified by
t"(a}’) = —a:j for1gjsgt 21

(3) In this case the general form of t° is given by

°(ef) = of forl€j<g-2
log ) = +2eg+- 0+ o) (22)
(o) = —ap forggk<ge,

In (22), the integer ¢ is assumed to take values 2 < g £ £ inclusive. In the special case
that ¢ = 2, (22) reduces to

%) = of +2{03 + - +ap)

(23)
r"(wf) = —oz;? for 2 j< L.
(4) In this case the most general 7° is given by
°(ef) = o for jodd; I<j<gq
T%eg) = of |+ of +ep, forkeven; 25k g1 o
(o) = 0g F oy,
°(el) = af, forg+2<mgé.

In (24), the parameter g is allowed to take all odd values such that 1 £ 1 £ £. Also, for
the special case g = 1, {24) simplifies to

et} = —of
{0} =of + s (25)
%(e) = oy, for2<m<gé.

(5) In this case, we have one parameter ¢, and z° is such that

(0]} =of for1<j<gg~-2

ey =, tog

(o) = —ay forg <k <& (€£—k)iseven {26)
() = oy Foay, o, forg <m < £—L;{{—m) is odd

r°(w§_] = az_z -+ aE_I -+ Qafé .

In (26), g is restricted to integer values such that 1 < ¢ < £, and also such that (£ —g) is
even.
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|
(6) In this case, T° is specified by

(o) = —of for 1< j<¢ jodd

)=y, Fogtay,, forl<k<f£—2 (27)
teg,) =, o + 20,
|

(7) Here the most general transformation is such that

() = —of for 1< j<g—2;jisodd

o) =0 toy +og, for2<k<qg+3; kiseven
o, =gy oy + 20 +- +a§’)
|

(28)
(o) = —af, forg<m<ge
where 1 £ g € £—1and g is odd, I
(8) The final ‘family’ of transformations, depends upon two integer parameters ¢ and
r, with t° given by

() = —a ' for 1 < j < g;jis odd

|
(o) = af_; + of +io:,‘c’+1 for 1 <k <g;kiseven
ro(ao ) - aO +Q‘.° i
g+1 g q+1; (29)
°{ay,) =« forg+2<mgr-2
() = a0, 200+ )
() = —af 1 forr<n<é.

3. Listing of involutive automorphiéms
|

3.1. Plan of the section

|
In this section we will give a list of involutive automorphisms of BE”to which all other
involutive automorphisms of Bmare conjugate. This list will come in three parts over
the next three subsections. In particu[ar subsection 2 will give a list of type la involutive
automorphisms with # = 1 to which all other such automorphisms are conjugate. Subsection
3 will do the same for the type la involutive automorphisms with u = —1 and subsection
4 will do this for the type 2a 1nvolutn{fe automorphisms with ¢ = 1,

In general, the listing will conSist of various matrices for each of the families of root
transformations given in section 2. Most of these will contain quantities such as A; and
#j. Unless stated otherwise, these should be interpreted as being arbitrary with A, takmg
some non-zero complex valuve, and y; j takmg some integer value. Thus, for each matrix so
defined, we specify a set (possibly mﬁmte) of automorphisms of the form

¢ = (U(), u, €} ' (30)

where the complex numbers & are essentially arbitrary, and we shall use the term &
for all automorphisms, although these do not necessarily refer to the same value. We
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recall that the automorphism ¢, as given in (30), is the same automorphism as ¢, where

= {ar*U(1), #, £}. This means that we may scale each matrix U(z) by an arbitrary factor
At*, In practice. we do this such that the (£ + 1)th diagonal element of U(r) is 1. This
makes subsequent analysis much simpler. In order to display the listings in a simple and
compact form we shall define some submatrices. Firstly, define L; and L; (where j is an
integer with 1 < j < £) by

o 0 ljtaf
L= (Aj+1t"‘1+1 0 ) 3D
0 —hgt#
- |
M; and M; are defined by
_ 0 )\.jiu}
M; = ((_1)#;;L;lt—m 0 ) (33}
r 0 (-.I)W}Ljr#_;
M, = - ( ot T (34)
Similarly N; and N; are given by
_ 0 A.jl‘””
NJ' = ()\.;]I“J 0 ) (35)
0 —Air M
Nj = (—JJ] A ) : (36)
Furthermore, we define C;, and C;, by
G =diag{d, 1%, hig#t, L, Agt®] (37
C, = diaghiylemre, Azt 1 ...,x;lx-#f} (38)
where, in (37) and (38}, we have that
A2 =1 for j<m<k. (3%
We define C7, and C"k to be of the form given for C,; and €, , but where
m =10 forj<m<k (40}

which we will describe as the ¢-independent forms of C;; and C « Trespectively. E,, E},

E; and Ef may be defined as C; ;. €} ;, €} ; and C' respectwely
Similarly, we define D, and D with D; bemg descrlbcd by

D; = diag{Aje#r, ... Attt 1, A7 7 L AT (41)

with D? being the ‘z- mdependcnt form' of D; in the sense explained above for C
Finally, we define F,,F" and F° The basm form of F; is given by

Fj = offdiag{hj e, ..., agt™ L A7 7, 07 M) (42)

with F° being the r-independent form of this. F% is as given in (42) but is such that afl
powers of ¢ are even, as opposed to the z-independent form where they are all zero.

The usage of the submatrices that we have just defined will now be indicated. & — j is
a positive even integer then by an expression such as ‘L, ..., L, we mean the expression
dsum{L,, Ljs2, ..., Ly_2, L} and not the expression dsum{L;, Lyy. ..., Leoy, Ly} (This
merely reflects the fact that L; is a 2 x 2 square submatrix.) We make the same interpretation
for all such expressions involving the 2 x 2 submatrices.
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3.2. Involutive automorphisms of type ?a withu =1

In this subsection we list the U(¢) , such that the corresponding type la automorphisms
with u = 1 form a set of involutive a;utomorphisms to which all other type 1a involutive
automorphisms with # = I must be conjugate. We do this by working through each of the
cight ‘families” of root transformation$ that were listed in the previous section and giving
the most general form of U(r) for each of them, thus ensuring that no automorphisms are
overlooked, (The numbers 1-8 below {cfer to the ‘families’ listed in section 2.)

(1) U@ =D | (43)
) U@ =F, | (44)
3 U() = dsum{E;_,, F, B2 |} (45)
') U() = dsumiLy, ... Ly, D35, L. ... L)) (46)
) Uny=dsum{E;_, L. ... Lo Fe Ly Ly By} (47)
(6) U(ry = dsumLy, ..., Le-2, Fe, Ljp, .o, L) (48)
) U@y = dsumfly, ..., Lyo Fpu L5, .o, L) (49)

® VO =dumiL, .. kg, G,y FruCougpny Gy o Ly L) (50)

3.3. Involutive automorphisms of type Jl’a withu =—1

This subsection will follow on in much the same fashion as the previous one.

(1 U(:) = Dy ‘ {51)
(2) U(s) = Fe | (52)
3 U(r) = dsum{E;_,, F¢, 2| }; (53)
{4 U(t) = dsum{M;, ..., M., D;ﬁ, M, ..., M} (54)
(5) U(e) = dsum{E_;, My, ..., Meo, FS, M, .. ML EZ ) (55)
6  U()=dsum{M,, ..., Me5, FE, M, ... M) (56)
M U@ =dum(My,..., Mg, F5 M;_,, ... M} (57)
(8) U() = dsum{M;, ..., M,, (:;[;_2_,_1 B G, My M (58)

|
3.4. Involutive Automorphisms of type 2a with u = |

We proceed in the same manner as the rjest of this section, namely by working through each
of the eight families of root transformations,

1)) Uiy =D, ‘ (59)
2 VB =F ' - (60)
3) U(r) = dsum{E,,, F;.E_}} (61)
@ U =dsum{N,...., Ny, Byua NJ, ... N} (62)
$) U@ =dsum{E,_;,N,,..., N:H, F3, N, ... N E/ |} (63)
© U@ =dsumiNy, . Nea F NG, NG (64)
M U@ =dsum{N;, ..., Nya, Fo N, . NG (65)

(8) U(t)=dsum{N1,...,Nq,Cq+?_,_1 B C e NN (66)
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4. Simplification of the forms of U(f)

In the previous section we listed a number of matrices U(¢), with the intention of studying
the automorphisms corresponding to them and, in particular, of determining the conjugacy
classes of the involutive automorphisms within the group of all automorphisms of the
algebra. In this section we will show that there is a subset of the automorphisms given in
section 3, such that all of the other involutive automorphisms are conjugate to the members
of this subset,

(i) Consider a matrix U(z) which is of the form

U(r) = dsum{H, L;, H', L;’, H"} (67

where H, H' and H” are arbitrary square matrices, and H and H” are of the same dimeasion,
namely j — 1. Then, define U'(#) to be the matrix such that

W(t) = dsum{H, w, ', —-w, H"} (68)

where W =diag{1l, —1} is 2 x 2. We shall now demonstrate that all type 1a automorphisms
{U(r), u, &}, where U(¢) is as given in equation (67) are conjugate to the type la involutive
automorphism {W(¢), u, £}. With this in mind, define v(z) by

v(t) = dsum{1;_1, b, Toe_y1, &, 150} (69}
i fa7lew ] ) i (1 Ajtiti )
wherely = — | ~ t=— 4 . (70)
1 ’\/i‘ (A‘j lt—u, —1 2 ﬁ | —}\.jt‘uJ
It is easy to show that
v(gvi) =g (71)
vinUnv(n)™ = U@ (72}

which proves the assertion we have just made.
Similarly, suppose that U(z} is as given in (67) but contains M; and M; instead of L;
and L;. With v(z) as defined in (65} we have

v (=) = U () 73

which means that all of the type 1a automorphisms {U(z), — 1, £}, where U(#) is of the form
(67) (but with L; replaced by M;), are conjugate to the type 1a automorphism {U'(¢), —1, £}.
Similarly, we may replace L; in (67) by N; and infer that all of the type 2a automorphisms
of the form {U(1), 1, £} are conjugate to the type 2a automorphism given by {U'(1), 1, &}
This simplifies matters greatly.

(i) Consider now U(t) given by

U(1) = dsum{H, C;x ,H.C}, , H"} (74)

where H and H" ase arbitrary (j — 1) x (j — 1) matrices and H' is an arbitrary square matrix
of dimension 2¢ — 2k + 1. Define U'(z) to be

U'(t) = dsum{H, w, ', w', H'} (75)

where, in (75), w is identical to C;; except that two of its diagonal elements (A, ¢#»
and J,t%) have been interchanged. The matrix W' is obtained from C;, by performing
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the ‘same’ interchange of index sets so that A fy=#m and A7't~# are to be exchanged.
Then, for two automorphisms of the same type, {U(a‘) u, £} anc[ {U’(z), u, £} are conjugate.
This means that the order of the elements in €, is essentially arbitrary, provided that we
perform the appropriate permutation on the elements of C ¢ at the same time, We will
now demonstrate this.

Thete are two possible cases. In Lhe first m — n i even, which means that there are
an odd number of elements between A, 14 and A, Similarly for A ‘t“‘m and A;‘t“”"
Define a matrix v{z) (which is - mdependent) by

” _‘1 1fa?ém,n,2€+2—m,2£+2—n
“ o ifa=mn26+2—m2+2—n
|

(76)
1 ifa=m,b=mn
”“"zu"“s{z fa=2042—mb=20+2—n
with all other entries being zero. Thenj'\‘igv =g, and
vUev ! =0 ‘ 7

|
This proves our assertion when m —n is even. Now suppose that m — n is odd, and define
a t-independent v by the following:

{i fa#kmn20+2—m2+2—n

Vgy = .
“ 0 fa=mn20+2-—m.20+2—n
i (78)
{ 1 fa=mb=n
1) = i = — - - - - - -
“TPTl0 fa=2u+2-mb=20+2-n
with all other entries being zero. Thenl"\?'gv = —g, and
\
vUw! = U ‘ (79)
|

where U'(¢) is as defined in (75), Thls proves our assertion when m — n is some odd
integer. Clearly, repeated application of the above argument shows that the position of such
interchanged diagonal elements is arbltrary

(iii) Now, suppose that in (74) we were to replace U(z) with the matrix U{z) given by

the following: |

H o 0\

U = (u F, O ) . {80)
0 0 W

We may interchange the elements )me‘lt',"" and A,t# of F;, and the elements A;’t‘“m and
A"t~ of F, using precisely the same techniques as were explained above. Hence, we may
alter the index set of the off-diagonal élements arbitrarily, as we may do for the diagonal
elements.

(iv) Let U(z) be as given in (80) We shall show here that it is possible to assume
without loss of generality that

A =1 for j <k (81)

Let U'(r) be obtained from U(t) by sétting A =1, where j € k € £, and let s be the
t-independent matrix ‘

s = dsum{1;_;, X. 1,1} (82)
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where X = diag{x;"/%, ..., A% 1, 3,712, ..., 1;7Y%}. Then
Sgs=g sUp)'s™ = U (83)

implying that {U(z), u, £} s conjugate to {U(t)", u, £}.

(v) In the previous paragraph we dealt with the parameters A, that occur in the
submatrices F;. In this subsection we are going to look at the integer variables u in
the same submatrices. In particular, if {U{t), &1,%)} is a type la automorphism, then we
may assume

0 if p1; is even
e = [ I if  is odd (84)

that is, only the parity of w, is important, and not the absolute value thereof. (We are
concerned here only with type 1a automorphisms. This is because submatrices F, occuring
in section 3.4 are all of the form F?, for which all of the integer parameters are already
zero.) It is assumed that U(z) is still of the form given by (80),

We define quantities p, according to the prescription

_ { 0 if py is even (85)
Pk 1 if p 15 0dd
where f < & < £. Define the matrix U'{(#) by
U'(¢) = dsum{H, w', H") W' = offdiag{t?, ..., 1P 1,7PE = Fi}. (86)
Define s(z) by
S(t) = dsum{'h_l. x(l‘), 1f—]}
(87)

X(t) = diag{tWo—mV2 g0/ ple=pd/2) gl =0)/2)

Then s??)gs(t) =g. If {U'(@), 1,£} is 2 type 1a automorphism, then we also have that
sOU s~ =U@® (88)

where U(z) is as given in (80), but with A, = 1 for j € &k < £. The previous subsection
tells us that Ay is arbitrary anyway. Also, with U"(¢) defined as

U"(r) = dsum{H, w”, H"}

(89)
W' = offdiag{{(— 1)/, ..., (=12 1, (=& (—=DH)
and §(¢)} as in (87) we have that
s(OU'(Ns(-1)"" = U() (90)

where U(r) is as given by (80), but with A, = 1 for k such that j <k < £,
(vi) Let {U(n), 1, &} be a type 2a automorphism, where U(?) is given by

U(t) = dsum{H, C; , H, C/ ., H"} (91)

J
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\
where H, H' are square and of dimension j—1, and H" is square and of dimension 2£—2k+1.

Let p,, be as defined in (85). Then one can assume without loss of generality that
B = Pm for j < m <k, 52)
Define $(¢) by '
s(t) = dsum(X(t). Taz-gks1, X' (1)}
X() = diag{r(“f“Pf)/z, ) ., r(.ua—m)ﬂ} (93)
X' (1) = diag{rlee—ml2 (e -2y
so that S(NS(7) = g. With U'(t) given by (91), but with
U = Pm for j < m <k (94)

then

sOU' s~ = U@ (95)

\
and so the assumption in (92) is valid.
(vii) Let U(z) be a matrix of the form

Ho o0 0 0
00 0 w O
Un=]0 0 H 0 0 (96)
0O w 0 0 O
0 0 0 0 H
|

where, in the above, H and H' are arbitrary matrices of the same size, say m x m, and H is
an n x n arbitrary square matrix whos; form need not concern us here. More importantly,
W is the 2 x 2 matrix given by

w = offdiag{1, 1}. o7
Let us now define a matrix W (¢) by
|

U'(¢) = dsum{H, x, H', -x, H"} X = diag{1, —1}. (98)

Then {U(t), u, &) is conjugate to [U;’(r).u,f}, as we now demonstrate. Define a ¢-
independent matrix § by

1, 0 0 0 0
0t 0t O
s=l0 01,0 a (99)
0t 0t 0
0o 6 0 0 1,
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Thus, §gs = ¢, and furthermore
sU'()s™! = UQ) (101)

which is all we require.
(viii) Let U(t) be of the form

vi 0 0 0 0 0 O
0O 0 0 0 O 1, O
0 0 w 0 W 0 O
un=|0o 0o 0 1, 0 0 O (102)
0 0 ws 0 w, 0 O
o1, 0 0 0 0 O
0 0 0 0 0 0 v;
where v; and Vs, are arbitrary square matrices (of order m xm say), and Wy forp=1,....4
are arbitrary square matrices (of order i x n say). With U'(¢} defined by
v, 0 0 o o 0 0
o1 0 O 0 0 O
0 0 w, 0 w O O
U= 0 0 0 -1 0 0 0 (103)
0 0 w; 0 ws, 0 O
O 0o 0 0 0 1 0
o 0 0 0 0 0 wv
then it may be shown that there exists a matrix &, which is #-independent and is such that
Sgs=g9 sU'(ns™' = U@). (104)
If n is even then
1, 0 g 0 0 0 0
0 /W2 0 i/V2Z 0 /2 0
0 0 i, 0 0 0 0
s=[0 —I/2Z 0 0 0 1//2 0 (105)
0 0 o 0 1, 0 0
0 -i/v2 0 i/v2 0 -i/v2 0
0 0 o 0 0 0 1,
and if » is odd we let
1, O (] 0 0 0 0
¢ 2 0 /2 O 12 O
0 g 1, 0 0 0 0
s=| 0 i/s2 0 O 0 —i/v2 0 (106)
0 0 0 0 1, 0 0
0 12 0 -i/v2 0 12 o
0 0 0 0 0 0 1

which satisfy (104} as required.
(ix) Let 5 be some arbitrary non-zero complex number, and consider the mapping

U > Uist). (107)
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This mapping has the same effect as altermg the coefficients i, in U(t) , which we have seen
to be arbitrary themselves. Thus, if {U(a‘) 1,E} and {W (), 1, ’g‘} are type la automorphisms
then they are conjugate. We may assume then that s = 1.

(x) The analysis here is similar to that in (vii), and concerns those type 1a automorphisms

{U(), 1, £} where U(¢) is of the form ‘

v 0 0 0 O
0 0 0 x; O
U)=|0 0 v 0 0 (108)
0 x» 0 0 O
0 0 0 0 v

where X; = offdiag{s, ¢}, %2 = diag:{r‘l,t"}, and v, V2 and V3 are arbitrary square
matrices, with dimensions m, » and m respectively. Note that m is less that £ — 1. Define
W(#) by the following:

|
U'(s) = dsum{v,, W, va, —W, v3} (109)
\
where w=diag{1, —1} is 2 x 2. Then there exists a matrix s(¢) such that
shgs =g sOUMs™ =V© (110)

a suitable choice of () being

1, 0 0 0 0O
0 0 & 0
sth=]10 0 1, 0 O (111)
0t 0 t, O
0o 00 0 1,

5. Study of the conjugacy classes of +he type la involutive automorphisms with » =1

This section deals with those involutivle automorphisms {U(r), 1, &,}, where U(¢) is given
by one of (43)30). The previous sectlon explained how various assumptions could be
made about U(7), and we shall make use of that analysis here.

It is useful to recall briefly the neccssary and sufficient conditions for the two involutive
automorphisms {U;(#), 1. &} and {Ua, 1, &} to be conjugate. If this is the case, then one
of the following must hold:

AU () = SOUL DS ™! AU (1) = S(HOHU s~ HS (Y (112)

Clearly, in the above, S(z) must satisfyl (18).

Systematically applying the results of section 4 yields a subset of the automorphisms
that is smaller than that listed in sectmn 3.2, to which all other type la automorphisms with
# = 1 are conjugate. This subset consists of the automorphisms {U(z), 1, £}, where U(r) is

of one of the following two forms: |

U(e) = dsum{Ty,, v, Ty, =1y, =T, ) (113)
Uir) = dsum{1,. —1,— . offdiagt, 1, 17"}, =1e—poyn 15} (114)
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where, in (113), N+ and N_ are non-negative integers such that N, 4+ N_ = £, and in (113)
p is some non-negative integer that is less than £. (p is to be interpreted as a variable,
being altowed to take integer values from O to £ — 1.)

Let us start by looking at the automorphisms {U(r), 1, 0}, where U(#} is given by (113).
Clearly there are only (£ + 1) of these. Let us denote by Uj the matrix given by U(t) in
(113) for which N_ = j. What we want to know, of course, is into how many disjoint
conjugacy classes these automorphisms fall. Quite conveniently, the answer turns out to be
(£ <+ 1). For, suppose that the following were to hold:

SUPS™ = Art U, (115)

Then it can easily be verified that there exists no non-singular matrix S such that (115)
holds for j ## k and so this proves that each of the automorphisms under consideration is
disjoint from all of the others. That is, the automorphisms {U{z), 1, 0} where U(?) is given
by (113) fall into precisely (£ + 1) conjugacy classes. We denote the conjugacy classes by

(A)(O), ey (A){t)

and define (4)“ for 1 < m < £ to contain the automorphism {US,, 1, 0}.

We are thus left with the automorphisms {U(), 1, £}, where U(z) is of the form (114).
Clearly there are only £ such matrices, and hence £ such automorphisms. Let us dencte by
U,.(t) the matrix given by (114) which is such that p = m. It will be shown uitimately that
each of these automorphisms is disjoint from the others, and also that they are disjoint from
those that we have just investigated, thus giving us a total of (2£+ 1) conjugacy classes
of type 1a involutive automorphisms with u = 1.

To begin with, we must show that {U, (), 1, £,} is disjoint from {U,, 1, &}, where
m 7 n. This follows from the fact that there exists no non-singular matrix S(¢) such that

SO, ()S(1) ™! = At U, (). (116)

{An easy way to check is to try to find such a matrix for the special case + = 1, which
proves to be impossible.)

Thus we are left with £ mutually disjoint antomorphisms which may, or may not, belong
to the conjugacy classes (4)Y? for 0 € j < £. As it turns out, they do not belong to these
classes, although proof of this is not quite straightforward. Prior to actually proving that
this is the case, it is wise to give a helpful lemma, and its basic proof.

Lemma 1. Let Up(r) and Uz(1) be two matrices that are related to each other by

ArU () = R(OU (DR ™! (117)
where R(?)} is a Laurent matrix such that

R()OR() # ar’g. (118)
Suppose also that there does exist some Laurent matrix S(t) such that

AtcUL () = S)Us ()8 ™! (119)

$(HS(r) = cr’g (120)
for some non-zero complex number ¢, and some integer §. Then

S =R(HOHQAM) (121)

where Q(#) is also a Laurent matrix, and is such that

QUM =Ua(r). (122)
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|
Proof. Trom (119), we have that S:(:) = AU )S(HU2()!, and we may substitute
(117) into this, giving S(z) = R(I)Q(tl), where the matrix Q(t) is given by

Q) = Us(R@ 1 SOU () (123)

\
1t follows, from the properties assumed already, that Q(¢) is indeed a Laurent matrix, and

satisfies (122),

Now recalt that, if (U3, 1,0} belongs to (A}Y for some j, and if {U3, 1,0} belongs to
(A)Y®) for j # k then there does not exist any non-singular matrix m such that

mUm~! = AU . (124)

for any non-zero complex number A, If U,,(#) and U, (¢) are as defined in (114) then consider
U,.(1), which is clearly z-independent and so we may infer from section 4 that there exists
some #-independent matrix N such that

nU,(n™! =AU, (125)
where U;, | is of the form (113). It is then immediately clear that there are precisely two
possibilities, namely that:

|
(1) {Un (), 1, £} belongs to the conjugacy class (A)™*!, or that
(2) {U, (1), 1, £} belongs to some conjugacy class disjoint from those that we have identified
already.

Using the lemma above, we shall demonsttate that the second of these is the one that
holds. We assume, by way of obtaining a contradiction, that we have

SV, 8! = kU, (126)
SHeSM) = wrfy. (127)

Using the notation of the lemma, we st:ate that there exists a matrix R(r) which is such that
R(HUS, R = —U,:,, (1) (128)
R()GR() = diag(l,...,1,+~, ' 1,....1} (129)

where the 1~ elements in (129) occur‘ in the £th and the (£ 4 1)th places. In fact, such a

matrix R(r} is given by

t 0 t

R(r) = (0 v(r) 0) {130

t, 0 t/
where the submatrices are defined by
t, = 2-"2diag{1,1, 1,i,...) e alternating 1, i from the corner
t, = 27 2offdiag(i, ~1,i,~1,...}  ie. alternating i, —1 from the corner i~
: D

t; = 27 2offdiag].. ., i, 1,1, 1} i.e. alternating i, 1 from the corner

ty= 2"‘1"2diag{- R T T Y L.e. alternating 1, ~i from the corner
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and v{?) is defined by

V2

V() =

i
« ( 5
it

-1 0
_1)
L0

147

(132)

with @ taking values 1 if € is even and i if £ is odd. Thus, the conditions of the lemma are

satisfied, and we infer that

Sy =R(QA0). (133
Here Q(¢) must be a Laurent matrix, and must also be such that
amu;,, Q) = U, . (134)
However, (134} is true only if # = 1, and then GQi{¢) is of the form:
Hy, 0 H; 0 Hs 0 Hy
0 K 0 Ky 0 Ky 0
Hyy 0 Hi;z 0 Hss 0 Hy
Hsy 0 Hss; 0 Hss 0 Hy
0 Kee 0 Kyg 0 Kg O
Hy 0 Hs 0 Hys 0 Hp

where the non-zero submatrices in the above are entirely arbitrary and are square. (Here
Q(t) is partitioned by dividing its index set thus: the first m rows/columns, the next
£ —m — 1 rows/columns the next row/column, then the next and the next; the next £ —m — ]
rows/columns and finally the last m rows/columns.)

Obviously Q) is decomposable, and by a suitable re-ordering of its index set could be
expressed as

H o
o= (1 1) =
with H,K being given by
Hin H;3 His Hyy Ky Ky Ko
g (Hs Hn His Hy K={Kp Ki Ki | . (137)
Hsi Hss Hss Hs Ke: Kss K
Hn Hi His Hp

Since Q(r) is a Laurent matrix, it follows that H and K must themselves be Laurent matrices.
However, by hypothesis, we have that

$(HGS() = arPyg (138)
which means that
QHROGRIIQ() = ar? (139)

so that, taking determinants of both sides of the above leads to the necessary condition that

(det Q)Y (det R())? = (arPy2H! (140)
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which implies that 8 must be even. ‘(Otherwise, the left-hand side of (140) would be a
multiple of an even power of ¢ and the right-hand side would be a multiple of an odd power
of t.) Substituting further,

Adiag{l,.... 1,7, 1, ..., 11Q0) = arfy (141)
which implies in turn, using the generfal form for Q(z) given in (135), that

Hdiag{l, ..., 1,171, 1, .l,., 1}H = atPoffdiag{l, ..., 1} (142)
|
|
and upon taking determinants of (141), we find the required contradiction, namely that the
left-hand side is a muitiple of an odd power of ¢, whilst the right-hand side is a2 multiple of
an even power of ¢. This concludes the work of this section, and together with the conjugacy
classes (A)®, ..., (A)® identified earlier, we have thus identified conjugacy classes

(B)(G), el (B){t—l]

with (B)™ being defined to contain the automorphism {U, (), 1, &).

6. Study of the conjugacy classes of the type 1a involutive automorphisms with u = -1

First we recall that each such automorphism is conjugate to an automorphism {U(?), —1, £},
where U(¢) is given by one of (51)-(58). In fact, we will show in this section that alf of the
type 1a involutive automorphisms with # = —1 belong to the same conjugacy class, which
corresponds 10 {1241, 1, 0}. 'We shall call this conjugacy class (C).

The first stage is to employ the resﬁlts of section 4 to show that each type la involutive
automorphism with u = —1is conjugaie to a type 1a automorphism (U, —1, 0}, where U is
t-independent, and is given by (51). Thls dramatically reduces the number of automorphisms
that have to be considered. We shall now complete this process fully, by showing that all
of the automorphisms {D2, —1, 0} do, in fact, belong to the same class.

Let the quantities g, be defined by

_[0 =t (143)
S B W
and define a matrix S(r) by
S(t) = diag{sP, ... 1B 1 BE L By (144)
Then
$(Ngs() =g | (145)
S()1211S(-1)"" =D (146)

|
from which we infer that all of the automorphisms under consideration belong to just one
conjugacy class.
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7. Study of the conjugacy classes of the type 2a involative automorphisms with w = 1

In this section we are going to investigate the automorphisms {U(z), 1. &}, where U(2) is
given by one of (59)—(66). We know that every type 2a involutive automorphism with & = 1
is conjugate to at least one of these. In fact, we can restrict our analysis considerably, by
using the results of section 4, as we did for the previous section. As in the previous section,
it follows that every type 2a involutive automorphism with ¥ = 1 is conjugate to one of the
type 2a involutive automorphisms {U(z), 1, £}, where U(z) is given by (66).

The similarity with section 6 ends here though, since these automorphisms do #ot all
belong to the same conjugacy class. Instead we look at the automorphisms {U(1), 1, §}.
Here U(z) is given by

U(e) = dsumftty, 1o, —To, —t1u, 1, =27 g, =10 1 07 0 ) 147

where the quantities n,. etc are dependent upon the matrix involved, and are integers that
relate to the various numbers of diagonal entries of U(¢) that take the values 1, —1, ¢ and
™1, For example, if U() is such that it contains 2b + 1 diagonal entries +1 then we define
. in this case to be &. Clearly,

ne+n+n-+n_=£. {148)

If we look at two matrices Uy(¢) and U,(¢) then to distinguish between the values of n,
relating to these matrices we use the expressions s, [U;(£)] and n, [U2()].

Section 4 demonstrates that each of the automorphisms under consideration are conjugate
to one of the above. The aim of this section is to show that there are precisely %(E-}- D{g-2)
conjugacy classes of this type, and we shall do this in a number of stages. To begin with,
we shall show that two automorphisms (with associated matrices U;(z) and U;(2) of the
form given in (147) are conjugate if both of the following hold:

n4(Uy) 4 nf (Un) = n,.(Up) + nl (U2) iy (Ur) — nL(Up) = nf (U) ~ n_(Uy).
(149)

To demonstrate that this is true, we need only show that it is possible to increase both n,
and r° by an arbitrary number, and it suffices to show that they can both be increased by
1. Thus, if U{¢) is given by (147) and we define S(z) by

1{d+ (-9 Lia+ ¢ =D
S(r):dsum!‘l,,,a((l_t) (1+I))1q’§((f_1—1} (1"}'?_]))1‘0} (}50)

where p = (nf, +ny — 1) and 2p +3 + g = 2¢, then

SHYSM =g (s1)
and also
sSOHUNSe ™ = U (152)

where U'(¢) is obtained from U(z) by setting the (x — 1)th diagonal entry to ¢, the xth
diagonal entry to —¢, the (2 + 3 — x)th diagonal entry to ™' and the (2¢ + 2 — x)th
diagonal entry to —¢~", Then, by a simple re-ordering of the index set, we have a matrix of
the form given by (147), but such that the quantities »’. and n! have both been increased

by 1.
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Moreover, for a given matrix U(z), define quantities Ny and N_ by
Ny=n' +n, No=n+4n_. (153}

Thus, for a given U(s), it follows that the quantity (n’, —n') can taLe any one of the values
—-N_.,—N_+1,...,0,...,N. — 1, N+ This means that (n — a') can take any one of
(£ 1) distinct values Thc next step in our analys1s is to show that we can discount those
automorphisms {U(¢), 1, £} for which (n} — nl} is less than zero,

Consider such an automorphism, for which U(r) may be assumed to be given by
|

U(t) = dsum{l,, =1, =115, 1, — M, =1, 1) {154)
Consider U(s5t), where 5 may take valués 1or -1 If weputs = —1 in the matrix U(z) then,
by a suitable re-ordering of the index set (as in section 4), we may infer that {U(¢). 1, £) is
conjugate to some automotrphism {V(z), 1, £}, where

NJVDI=j+m N OL-n VD] =m. (155)

|
We have therefore reduced the original set of automorphisms to a set of (£ + 1)(£ -+ 2)/2
automorphisms. We define matrices U£r »(t) to be such that

NilUsp(Y] =a nJ‘r[ ab(t)] = n_[U, (0] = 0. (156)

Thus, we have only to consider the aqtomorphisms {U,5(®), 1, &}, where a runs over all
integer values from O to £, and b runs over all integer values from 0 to &. From what we
have sezn, it follows that every type 2a automorphism with 1 = 1 is conjugate to one of
these. It now remains for us to prove that these automorphisms are all disjoint.

Suppese that there exists some S{t:) such that the following holds:

SV c(sr*)SE™)" = A# U, a(1) (157)

where we are assuming that ¢ 3 d. No\\‘v there are, of course, two possibilities in the above,
namely s = | and s = —1. Consider the first, and let ¢ take the value —1, The equation
(157) may then be satisfied only if ¢ = d, which is obviously a contradiction, so we must
have s = —1. In this case, by putting r = —1 we obtain the necessary condition that ¢ = d,
which gives the same contradiction,

Finally, we have to consider the pOSSIblllty that

SO, ,(st5)8(e~ ™! fxzuuc,d(z) (158)

where we assume only that a # c. If‘s = I, then putting r = I in (158) implies that a
must equal ¢, which gives a contradmtmn The only remaining possibility is that s = —1.
However, with s = —land r = 1 in Q!SSJ a necessary condition is that ¢ = ¢ — d, and
with § = —1 and ¢ = —1, a necessary condition is that ¢ = & — &. Since (158) must hold
for all values of ¢, it must certainly hgld for z = I and —1 and so both of the following
hold:

!
a=c—d c=a—|b. (159)
The first of these implies that a < ¢, and the second that ¢ € a. Thus @ = ¢, which again

gives a contradiction.
Let {D)®#) be the conjugacy class that contains the automorphism

{Uap(®), 1, €) |

where a takes all integer values from 0 to ¢, and b takes values from 0 to a, for each
permitted value of a.
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8. Summary of results

We conclude by giving an explicit representative for each of the conjugacy classes that we
identified in the previous sections, To begin with, we note that the conjugacy classes may
be considered as four *series’, namely

(1) The conjugacy classes (A)@, ..., (A)®,

(2) The conjugacy classes (B)?, ..., (B)¢-D,

(3) The conjugacy class (C).

(4) The conjugacy classes (D)*® where 0 <a<fand0< b < a.

Consider first the conjugacy class (A)Y?, where j takes an integer values from O to ¢
inclusive. We take as a representative of this the automorphism ¢ which is specified by the
following:

eia J=0,...,¢-1
Olha) =hy k=L2...8  leza) = =
—3:5:(10 J—g
Cia ktEl—jik#E
Copy, } = i
¢ (exey) {—Eiak k=0—jik#E (160}
Caderyy j=0
¢(¢’inu)—{_eiw i=1,2....¢

¢c)=c ¢d) =d.
For the conjugacy classes (B)? we take the following automorphisms ¢ as representatives:

¢lhy)=h, k=122 Oy, ) = hoy, + 2hy, +C

¢(h0lr) = —'hap -cC ¢(ei0lu) = €ry,

blean) = | = ks jik=1,...6=2
0T —ege, k=jik=1,...,8~-2 (161)
—E€x(f+ae +20) j=01...,¢-2
¢(eﬂ,4)=[ S
Ed(§-+ar+204) J=x—

Bleta,) = —ex@rar ¢lc)y=c¢ (d)y = —2(28 — )by, + 2L — N)c + 4.

For the conjugacy class (C), we take as the representative the automorphism ¢ specified
by:

Plha) =hy k=1,2,...,8  ¢(exe) =€sa, k=12,...,8 .

@ (exay) = —€x(5+ar) ¢y =c ¢ld)=d.

Finaily, a representative ¢ for (D)# is defined by
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Po, k#b
hey) = : - -
¢ () {hm+c k=t |
(i, k=a#bik=1..,28=1
—€4(3+oy) k=a=bhik=1...,£-1
Pl =1 oy k=biak=1..0~1
| e, ktak#éEbik=1,.£¢-1 (163)
! “Cxlta)  A=b=0
€4ny,y k=¢
Plexw) =1 oy Plexay) = | Ex(2+am) a>khn=0
e ' Ex(35-4+ap) a>0b>0

£

b
p@)=—c A =22—1) pho,+b I o — (26— 1bc—d.

=1 p=b+1

The Lie algebra B, is isomorphic to the Lie algebra A;. Thus the results of this paper for
the special case £ = 1 should agree with the results of Cornwell [2]. A brief inspection
reveals that this is so.
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